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Figure 1: Comparison between a 5×5×5 PBD hexahedral mesh, fitted with the proposed method, and the reference FEM mesh for E = 100
and ν = 0.2. The figures correspond to torsion (left) and shear (right) deformation tests. Green mesh corresponds to PBD and white mesh to
FEM.

Abstract
Position Based Dynamics (PBD) methodology is a widely used approach for simulation of deformable bodies in the context of
video games. Its main advantages over force based methods are its unconditional stability and its constraint based approach.
However, it does not involve physically inspired parameters and its behaviour depends on time step size. This makes it difficult to
reproduce a given elastic behaviour. In this work we perform an analysis of the mechanical properties in a PBD elastic system,
and compare it to the Finite Element Method (FEM). We propose a methodology to fit the parameters of PBD to simulate a
particular Young’s modulus and Poisson’s ratio.

Categories and Subject Descriptors (according to ACM CCS): I.3.7 [Computer Graphics]: Three-Dimensional Graphics and
Realism—Virtual Reality

1. Introduction

Computer animation and simulation of deformable materials in in-
teractive applications is commonly addressed using Mass-Spring
meshes or shape matching techniques. Although Finite Element
Method simulation has been used also for interactive applications
(see Müller and Gross [MG04]), it has efficiency limitations spe-
cially when it comes to topology changes in the simulated objects.
More recently, the Position Based Dynamics (PBD) methodology
is gaining popularity thanks to its unconditional stability and cur-
rently it is a widely used technique in video games.

However, these methods (Mass-Spring, Shape-Matching and Po-

sition Based models) are only physically inspired and they have
parameter sets that do not correspond to the standard parameters in
elasticity, namely Young’s modulus (the relationship between stress
and strain in a material) and Poisson’s ratio (the negative ratio of
transverse to axial strain).

Several works have faced the problem of parameter fitting for
Mass-Spring models. However, the mechanical properties of Posi-
tion Based Dynamics models have not been studied systematically.
A characterisation of the dynamics of the Position Based Dynam-
ics elasticity model would determine to what extent it is capable
of reproducing actual elastic materials. In this paper we conduct
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an analysis of an elastic hexahedral element simulated with PBD
under small deformations.

The main contribution of our paper is a procedure to fit its pa-
rameters with the goal of reproducing a given elastic behaviour.
Our method starts with a Finite Element linear elastic model, with
known Young’s modulus and Poisson’s ratio. We perform a numer-
ical linearisation of a general PBD system and pose an optimisation
problem to determine its parameters. The procedure, described in
Section 3, is independent on the geometry of the system or the type
of constraints used. Then, the method is applied to a cubical PBD
system in Section 4. The method is tested in several scenarios to
evaluate the methodology and the resulting approximation of an
elastic material. Figure 1 shows a comparison between an hexahe-
dral PBD mesh, fitted with the proposed method, and the reference
FEM mesh under torsion and shear deformation.

2. Related work

Position Based Dynamics [MHHR06] has been introduced as an
stable methodology for the simulation of elastic materials. A PBD
model consists of a particle system, where each particle is charac-
terised by its location pi and velocity vi, and a set of constraints
on the locations C j(p1, . . . ,pn) = 0. Simulation is performed in a
predictor-corrector fashion. First external and mass forces are ap-
plied to the particles through a numerical integration step. This is
called the prediction step. Then, the locations of all the particles are
projected into a state where the constraints are met in what is called
the correction step. Velocities are updated to be consistent with the
final location change.

If we denote the vector containing all particle locations as p =
(p1, . . . ,pn), then for a given constraint C(p), the projection of par-
ticle i is given by

∆pi =−k
C(p)

∑ j w j‖∇p jC(p)‖2 wi∇piC(p) (1)

where∇piC(p) is the jacobian matrix of C with respect to the com-
ponents of pi; 0 ≤ k ≤ 1 is a correction factor that modulates the
amount of projection actually applied and wi = 1/mi where mi is
the mass of the particle i. This latter parameter is defined in order
to help to create unmovable particles by setting wi = 0. The projec-
tion is applied per constraint, in an iterative process. By adjusting k,
and the number of projection iterations, this approach can be used
to simulate elastic materials. Further details on the methodology
and different applications can be found in [MHHR06, BMO∗14].

This methodology, however, has the limitation that elasticity is
controlled by two non-physical parameters; the correction or stiff-
ness factor k and the number of projection iterations. Recently Ben-
der et al. [BKCW14] have introduced a set of energy constraints for
the simulation of continuous materials, including elastic deforma-
tions, where physically meaningful parameters are used. However,
to the best of our knowledge no previous work has been conducted
in order to analyse the mechanical properties of PBD elastic mate-
rials based on geometric constraints.

This problem is analogous to parameter fitting in modelling
methodologies such as Mass-Spring Models (MSM). In MSM, a

deformable object is discretised as a particle system, and the ob-
jects structure is represented by a set of springs that link them. The
evolution of the system is computed using Second Newton’s Law.
Although MSM are physically inspired, there is not a direct trans-
lation from the stiffness constants of the set of springs to the me-
chanical parameters of an elastic material, and several authors have
addressed the problem of parameter fitting. We review the main
efforts in this direction, since the proposed methodologies can be
applied to the equivalent problem for PBD. Following the classifi-
cation proposed in [LSH07] and in [SVAC12] we can consider data
driven approaches and analytical approaches.

Data driven approaches use a set of reference deformations, and
rely on different optimisation methods to find the parameters for
the MSM. Typically the function to optimise is some error measure
of the deformation of a simulated MSM, compared to the reference
deformation samples. It has been observed the existence of local
minima, which has led to the use of strategies such as simulated
annealing [DKT95] or evolutionary algorithms [LPC95, NNUF04,
BSSH04, ZGF07].

Analytical approaches try to develop expressions that involve
both the Mass-Spring parameters and the elastic parameters de-
scribing a deformable material. Van Gelder [Gel98] linearised the
system of equations of the MSM to find that, in general, its stiffness
matrix cannot be directly equated to a linear FEM stiffness matrix.
More recently, Lloyd et al. [LSH07] derive analytic expressions for
triangular (for 2D) and tetrahedral (for 3D) Mass-Spring elements
and find that a closed form solution can only be found on equilat-
eral triangles. Other authors develop analytical expressions for the
spring stiffness under certain particular deformations, to fit the pa-
rameters that best reproduce such deformations [MBT03,BBJ∗09].
San Vicente et al. [SVAC12] follow this approach and use the de-
rived analytical expressions to fit the parameters using data from
uniaxial tensile deformations.

Some works, further than fitting the MSM parameters to fit a
certain behaviour, provide a more in depth analysis of the dy-
namics of a general MSM model. The work by San Vicente et
al. [SV11, SVAC12] compute the elastic properties and parameters
for an hexahedral Mass-Spring system, while Kot et al. [KNS15]
develop on their methodology to characterise the dynamics of an
arbitrary triangular Mass-Spring mesh.

In our work, we shall follow the approach by Van Gelder [Gel98]
and by Lloyd et al. [LSH07] to fit a linearisation of a PBD stiffness
matrix. Our error function is based on that of [LSH07], measuring
the difference between the PBD stiffness matrix and a linear FEM
stiffness matrix in Frobenius norm. The main difference is that we
compute the stiffness matrix numerically by finite differences. We
shall use an hexahedral PBD system formed by 8 particles, as it
is done for MSM in [MBT03, SVAC12]. In our case, however, we
explicitly consider volume preservation during parameter fitting.

3. Elasticity in Position Based Dynamics

Elasticity theory studies the relationship between forces applied on
a body and the reversible deformation of the body. Constitutive
models are often expressed as a relationship between strain ε, as a
measure of deformation, and stress σ, which is force per unit area.
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In linear elasticity, this relationship is of the form

σ = Dε (2)

where D expresses the elastic properties of the material. For
isotropic materials the stress-strain relation in Equation 2 is called
Saint Venant-Kirchhoff model.

The Finite Element Modelling (FEM) methodology uses a dis-
cretisation of this model to turn it into a system of linear equations.
If we consider an hexahedral portion of elastic material, or hex-
ahedral element, its state is described by the location if its eight
vertexes or nodes. An element with the ordered vertexes and axes
as is commonly found in the literature (see for example [Zie77])
is shown in Figure 2. In absence of deformation, node i has a po-
sition xi. If the system is deformed, with a nodal deformation ui
for node i, then, the position of every node will be x̄i = xi + ui.
By means of the Finite Element Modelling (FEM), this relation-

z xy
1 2

34
5 6

78

Figure 2: A FEM hexahderal element.

ship can be turn into a relationship between nodal deformations
and generalised nodal forces fi.

We consider the vectors f = (f1, . . . , f8)
T and u = (u1, . . . ,u8)

T .
Then, the FEM formulation defines a matrix KFEM for which

f = KFEMu, (3)

where f is the applied force and u is the deformation of the system
in static equilibrium. The FEM stiffness matrix for an element has
the form

KFEM =
∫

V
BT DBdV

where V is the volume of the element, matrix B includes partial
derivatives of the interpolation functions in the element and ma-
trix D is the aforementioned matrix which defines the relationship
between strain and stress, given by

D = A


1−ν ν ν 0 0 0

ν 1−ν ν 0 0 0
ν ν 1−ν 0 0 0
0 0 0 1−2ν 0 0
0 0 0 0 1−2ν 0
0 0 0 0 0 1−2ν

 (4)

where

A =
E

(1+ν)(1−2ν)
(5)

being E the Young’s modulus and ν the Poisson’s ratio.

We have computed these integrals using the integrate in-
struction of the SymPy library in Python. SymPy currently uses a
simplified version of the Risch algorithm [Ris69], called the Risch-
Norman algorithm [NM77]. For non-elementary definite integrals,
SymPy uses so-called Meijer G-functions (the most accepted defi-
nition can be found in [EB53]).

Now, let’s consider an equivalent cubic portion of material, simu-
lated with Position Based Dynamics. We build it by means of eight
particles, placed at the vertexes of the cube and we define one or
more constraints that describe the equilibrium state of the cube. If
we linearise the dynamics of the system, we can find an equivalent
to the stiffness matrix. We are seeking for a matrix KPBD for which,
when applying a force f = (f1, . . . , f8)

T to the PBD particles,

f = KPBDu (6)

with small u. In practice, to use the dependence of u as a function of
f is not the most convenient approach, since it involves the inverse
of KPBD. Instead, we shall consider f as a function of u. However,
this poses a difficulty, because the output of the PBD projection
process is not a force or an acceleration, but a position change.

To overcome this we shall calculate the force that is equivalent
to the PBD projection, ∆p. We mean a force that, when integrated
numerically, causes the same change in position than a given ∆p.
When using semi-implicit Euler scheme with a time step ∆t, this
force is given by

fi =
mi

∆t2 ∆pi, (7)

This strategy presents an additional advantage. The dynamics of
the PBD method is known to be dependent on the size of the time
step. By considering this equivalent force we shall include this de-
pendence in our computation of the PBD parameters, as we shall
see.

Thus, we consider ∆p as a function that depends on the defor-
mation u as defined previously. If we linearise this function near
u = 0, we have that, for small values of u

∆p(u)' ∂∆p(0)
∂u

u, (8)

and, using (7), we can define the stiffness matrix for PBD as

KPBD =
M
∆t2

∂∆p(0)
∂u

. (9)

where M is the mass matrix of the PBD system.

In a procedure analogous to FEM matrix assembly, the PBD
stiffness matrix can be defined per constraint, and the stiffness
matrix of the whole system is assembled by adding all the con-
straint stiffness matrices. This computation can be done analyti-
cally for some constraints, such as the distance constraint proposed
in [MHHR06], while for others it can be hard to find a closed ex-
pression for KPBD.

At this point, it is important to remark a property of the original
PBD method [MHHR06]; during a PBD iteration, the correction of
the constraint applied in the first place is considered to compute the
correction of subsequent constraints, using what they call a Gauss-
Seidel-like scheme. However, our approach assumes that the cor-
rections of all constraints are using the state of the system in the
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previous time step. As a consequence, the previous development is
implicitly assuming that the iterative projection process of PBD is
done following a Jacobi-like scheme, as described by Macklin et
al. [MMCK14]. If a Gauss-Seidel-like scheme is desired, the PBD
stiffness matrix could be obtained from a sample of randomly or-
dered iterations.

3.1. Stiffness matrix fitting

In PBD there are two main controllable parameters associated to
the method; the number of projection iterations, which is a global
parameter, and a stiffness-like parameter 0 ≤ k ≤ 1, which can be
different for every constraint. In this work we shall consider a sin-
gle iteration for our analysis, and consider the stiffness matrix as a
function of the different k j, j = 1, . . . ,m, for a system with m con-
straints. The extension of the methodology to a variable number of
iterations is not difficult, but exceeds the scope of this paper.

Our main objective is to fit a set of PBD parameters which lead
to an elastic behaviour consistent with given Young’s modulus and
Poisson’s ratio. As the reference for a proper elastic behaviour we
shall consider a FEM model with the nodes located at the same
positions of the PBD particles. Following the approach by Lloyd et
al. [LSH07], we will use an optimisation method to find the values
of the k j which minimise the difference between KPBD and KFEM,
where the PBD matrix is considered as a function of the stiffness
parameters KPBD = KPBD(k1, . . . ,km).

This optimisation has an additional difficulty; the FEM stiffness
matrix can have an arbitrarily large norm, since E is not upper
bounded, and the dividing term 1− 2ν tends to infinity as ν tends
to 1

2 . On the contrary, a convergent PBD projection needs to be
a contractive iteration and, as a consequence, the Jacobian of the
PBD projection with respect to the state of the system, ∂∆p/∂u has
a bounded norm.

From Equation (9) we see that the only term that is not bounded
in our definition of KPBD is the fraction 1/∆t2. This implies that,
when a particular elastic material is to be reproduced using PBD,
the integration time step cannot be freely chosen. Taking this into
account, we propose to set the value of ∆t as

∆t =

√
‖M‖
‖KFEM‖

, (10)

since this value, when applied in (9), will enable arbitrarily large
norms for KPBD. From this value or ∆t, we use the following opti-
misation problem to fit the PBD parameters:

(k1, . . . ,km) = argmin
ki

{∥∥∥∥KFEM− M
∆t2

∂∆p
∂u

(k1, . . . ,km)

∥∥∥∥} (11)

subject to the constraints 0 ≤ k j ≤ 1. Here the norm used is the
Frobenius norm, as proposed by [LSH07]. For solving the optimi-
sation problem we have used MatLab’s instruction fminsearch,
a command that uses the Nelder-Mead simplex algorithm as de-
scribed in Lagarias et al. [LRWW98].

The previous methodology to fit the parameters of the PBD sys-
tem can be summarised as follows:

1. Choose a Young’s modulus E and a Poisson’s ratio ν.

2. Build a reference PBD system and an equivalent FEM element.
3. Build the FEM matrix, and set ∆t.
4. Fit the PBD parameters solving the optimisation problem (11).

The last step can be done either analytical or numerically, depend-
ing on the complexity of the resulting PBD matrix.

4. Cubic PBD element

To validate the proposed methodology we follow the proposal by
San Vicente et al. [SVAC12] and use an hexahedral FEM element to
fit a cubic PBD system formed by eight masses. In the PBD system,
we use distance constraints where [SVAC12] use springs and, as in
their work, the constraints can be classified in three types; edge
constraints, which link masses connected by an edge of the cube;
face constraints, which link particles through the diagonal of a face;
and internal diagonal constraints, which link particles that have not
been linked by any of the previous constraints. All the constraints
of the same type will share a unique stiffness coefficient.

The distance constraint proposed by [MHHR06] is given by

C(pi,p j) = ‖pi−p j‖−d

where d is the rest distance. For this constraint, the projection is
given by [MHHR06]

∆pi =−
wi

w j
∆p j =

wi

wi +w j

(
‖pi j‖−di j

) pi j

‖pi j‖
(12)

where pi j = pi−p j.

Using a single iteration step, the stiffness matrix for this con-
straint has the same analytical form as the equivalent stiffness ma-
trix for a Mass-Spring Model developed by Lloyd et al. [LSH07].
But in their work it is shown that the resulting matrix cannot
be equated to KFEM except for the case of an equilateral tri-
angle of springs. Moreover, although the internal diagonal con-
straints contribute to volume preservation, they are also coupled
with other deformation modes. For these reasons we add to the
distance constraints the volume preservation constraint proposed
by [MHHR06]. Although volume preservation potentials have been
defined for MSM models [THMG04], in the parameter fitting liter-
ature this kind of forces are not usually included.

For closed triangle meshes, volume preservation can be enforced
by means of a constraint as seen in [MHHR06]. We add an equal-
ity constraint concerning all 8 nodes of the mesh with constraint
function

C(p1, . . . ,p8) =

(
Ntriangles

∑
i=1

(
pt i

1
×pt i

2

)
·pt i

3

)
−V0

where V0 is the volume of the undeformed cube. Here t i
1, t i

2 and t i
3

are the three indexes of the vertexes belonging to triangle i. The
sum computes the actual volume of the closed mesh. This con-
straint function yields the gradients

∇piC = ∑
j:t j

1=i

(
pt j

2
×pt j

3

)
+ ∑

j:t j
2=i

(
pt j

3
×pt j

1

)
+ ∑

j:t j
3=i

(
pt j

1
×pt j

2

)

The inclusion of this constraint has the drawback that it does
not have a tractable expression for its jacobian matrix, necessary to

c© 2016 The Author(s)
Eurographics Proceedings c© 2016 The Eurographics Association.



C. Rodero et al. / Characterisation of PBD for Elastic Materials

build the stiffness matrix defined in Equation (9). Instead, we shall
compute the matrix of the elastic PBD cube numerically using finite
differences.

Since all the distance constraints of the same type share the same
stiffness coefficient, we have a PBD system with four parameters:
the stiffness of edge constraints, ke; the stiffness of face constraints,
k f ; the stiffness of internal diagonal constraints, kd ; and the stiff-
ness of the volume preservation constraint, kv.

5. Results

To show the proposed methodology and evaluate the results we
have computed the values of the PBD parameters for the range of
positive values of the Poisson’s ratio, ν ∈ [0, 1

2 ). Since the linear
FEM stiffness matrix depends linearly on E, as it can be deduced
from equations (4) and (5), the results are independent on its value.
For this reason in this section all the results are shown only for
E = 1.

We present three main sections. In the first place we show the
results of parameter fitting for the PBD constants. Next, we present
the results of deformation tests on the eight node cube, and the
error measured against the same scenario simulated using linear
FEM. Finally, we simulate equivalent scenarios using an elastic
cube formed by an hexahedral mesh.

5.1. Parameter fitting

We have solved the optimisation problem for a series of values of ν

in the range 0 to 1
2 , and a Young’s modulus E = 1. For each value

of ν, the relative error

er =
‖KPBD−KFEM‖
‖KFEM‖

(13)

has been computed. One of the differences between our PBD elas-
tic cube and the Mass-Spring Models that have been analysed in
the context of parameter fitting is the introduction of the volume
constraint. To determine the relevance of this constraint in the re-
sults we have repeated the parameter adjustment forcing kv = 0. In
Figure 3 the values of the fitted stiffness coefficients are presented.

The upper figure shows the values for the fitting considering all
four stiffness constants, while the lower figure shows the results
when the volume constraint is not considered, by forcing kv = 0.
From the results it is clear that from ν = 0.29 the stiffness kv gains
relevance, approaching kv = 1 as ν tends to 1

2 . On the contrary, the
value of kd reduces to approach zero in the same range. In the fitting
without volume constraint, we also observe this reduction in the
value of the constants, but it does not approach kd = 0. Looking at
the form of the plots in (5.1) we have decided to make a polynomial
fitting. We adjust de data by two polynomials of second order in

Figure 3: Parameter values obtained for the PBD cubic element for
different values of Poisson’s ratio ν. The values are shown for the
problem with all four constraint types (top) and forcing the volume
preservation constraint to be kv = 0 (bottom).

each case, when ν≤ 0.29 and when ν≥ 0.29.

ke(ν) =

{
0.0698ν

2 +0.0343ν+0.0511 0≤ ν≤ 0.29
−0.7204ν

2 +0.4656ν−0.0084 0.29≤ ν < 0.5

k f (ν) =

{
−0.0302ν

2 +0.0614ν+0.1572 0≤ ν≤ 0.29
−2.3822ν

2 +1.2909ν−0.0044 0.29≤ ν < 0.5

kd(ν) =

{
0.0527ν+0.1147 0≤ ν≤ 0.29
−0.5795ν

2−0.2818ν+0.2636 0.29≤ ν < 0.5

In the case of kv we have approximated the data by a third degree
polynomial for ν≥ 0.29. The fitted polynomial is

kv(ν) =−50.6270ν
3 +63.1461ν

2−21.4563ν+2.1615

and kv = 0 if ν≤ 0.29. Figure 4 shows the graph of the polynomial
regression compared with the fitted parameters.

The observed behaviour of the stiffness coefficients indicates
that the volume constraint plays a relevant role to get a better model
fitting. This analysis is confirmed by the relative error value of the
approximation, shown in Figure 5. The relative error in both fitting
problems is the same until a value for the Poisson’s ratio ν' 0.29.
But the results show that from that value of ν the error increases if
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Figure 4: Comparison between the previously obtained polynomi-
als and the data from the minimisation strategy. The polynomials
are represented with a line, while the fitted data are represented
with crosses.

Figure 5: The fitting relative error for the optimal parameter values
for different values of ν. The errors for the complete set of param-
eters and for the model without volume constraint are shown.

the volume constraint is not considered, and becomes higher as the
Poisson’s ratio approaches its upper limit.

Another conclusion that can be taken from the figure is that the
relative error of the cubic PBD element including volume constraint
is always in values over 20%. Indeed, the error is higher when vol-
ume preservation is less relevant. These values indicate that it is not
possible a very good fitting using this objective function and advise
in favour of other error measures, such as the error in deformation
tests, as proposed by San Vicente et al. [SVAC12].

5.2. Deformation test scenarios

To determine if the obtained values of the PBD parameters pro-
vide good simulation results, we have used three standard scenarios
to test the behaviour of a single cubical PBD system compared to
the equivalent cubical FEM element. We have fixed the four par-
ticles/nodes at the base of the cube (those with lower z coordi-

nate), and have applied forces on the upper particles/nodes to in-
duce small deformations. We have simulated a torsional deforma-
tion test, a shear deformation test and a longitudinal deformation
test by traction. Figure 6 shows three cubes with deformations cor-
responding to these tests.

Figure 6: Sample deformation tests used to evaluate the parame-
ter fitting. From left to right, torsion along z axis, shear in the x
direction and vertical traction in the positive z direction.

The tests simulate static deformation. In the FEM model, defor-
mation is obtained from forces by solving equation (3). In the PBD
model, the simulation starts with the cubical element at the unde-
formed state. The forces are applied and the system is let evolve
until the equilibrium is reached. When the velocity of the particles
is below a threshold the state of the element is recorded.

The cubes considered have an edge of length 2, and are ap-
plied two sets of forces: a set of forces which cause a small de-
formation, in the order of |ui| ' 0.1 for the displaced nodes in the
FEM model, and a set of forces which cause large deformations, of
around |ui| ' 0.3. Some results for both small and large deforma-
tion tests are presented in Figure 7. The upper row corresponds to
small deformations, while the lower row corresponds to large de-
formations. Every column corresponds to the same test under dif-
ferent force magnitudes. The first three columns show the shear test
for ν = 0, ν = 0.4 and ν = 0.49. The last three columns show the
torsion test for the same values of the Poisson’s ratio. The results
for the uniaxial traction test are not shown in the figure since the
difference between both cubes is very small. In general, we have
observed that for small values of ν, the stiffness of the resulting
PBD material is below that of the FEM model, while for high val-
ues of ν the PBD model is stiffer.

As a measure of error for the tests we have taken

e =
8

∑
i=5
‖uPBD

i −uFEM
i ‖

where uPBD
i and uFEM

i are the resulting displacements of node i for
PBD and FEM respectively. In Figure 8 the relative error (defined
as e/∑

8
i=5 ‖u

FEM
i ‖) is shown for the small deformation tests at dif-

ferent values of ν. The relative errors for large deformation have
not been represented, but they are very similar, with some values
slightly smaller than the ones showed, and others slightly bigger.
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Figure 7: Result of some deformation tests. Both cubes are presented as wireframes, with the FEM hexahedral element in yellow and the
PBD cube in blue. Upper row, from left to right: small deformation for shear test, with ν = 0,0.4,0.49 and torsion test for the same values of
ν. Bottom row, from left to right: the same tests, under large deformation.

Figure 8: Relative deformation error for a single element obtained
for different values of ν.

Shear and traction deformation are better approximated for the
range of Poisson’s ratio values where volume constraint is rele-
vant. Error values for the shear test fall below 10% in the range
ν ∈ [0.29,0.45] and the error values for the traction test are be-
low 25% for ν ≥ 0.29. The results indicate that the torsion test
has a distinct behaviour, compared to the other two deformation
modes, with an error that grows monotonously. According to the
spectral analysis in [SV11], the torsion deformation is associated
to the smallest nonzero eigenvalue of KFEM. Our hypothesis is that
this property of FEM makes it more difficult to properly acquire
the torsion behaviour, since any error in other deformation modes
is more strongly penalised in the optimisation process.

5.3. Application to an hexahedral mesh

To show the behaviour of the fitted PBD model beyond a single
hexahedron, we have built a 5× 5× 5 hexahedral mesh and re-
peated the deformation tests. The three tests (torsion, shear, and

axial deformation) have been repeated for E = 100 and two val-
ues of Poisson’s ratio: ν = 0.2 and ν = 0.4. The results are shown
in Figures 1, 10 and 9. Again, the material cubes simulated with
PBD and FEM are superimposed in a wireframe representation. In
these figures, PBD mesh is represented in green, and FEM mesh is
represented in white.

The three tests for small deformation using ν = 0.4 are shown
in Figure 9. For both torsion and shear deformation the behaviour
of the two models are quite comparable. However, in the vertical
traction test the PBD material shows a much softer behaviour than
the FEM material, resulting in a deformation several times larger
than the reference model.

In Figure 1 torsion and shear tests are shown for ν = 0.2. We
observe that, in this scenario, shear deformation is much higher in
PBD than in FEM, while under torsion deformation PBD remains
closer to the FEM simulation. The shear deformation test is com-
pared for two values of ν in Figure 10. This figure shows that the
observation of higher error for small values of ν is also valid for
the compound cube. This result indicates that PBD can serve as
a good approach for the simulation of biological tissue in appli-
cations like virtual surgery, which exhibit high incompressibility
values [SV11], provided that current parameter fitting limitations
are overcome.

6. Conclusion

We have presented a procedure to characterise the dynamics of
a PBD elastic cube, by means of the linearisation of the projec-
tion process. Our approach is based on building a stiffness matrix
and seeking for the parameters that make it as close as possible, in
Frobenius norm, to the equivalent stiffness matrix for linear FEM.

The analysis of the results throws several conclusions. First, the
fitting by Frobenius norm has limitations since the best results give
relative error around 20% during the fitting and errors over 20% in
some simulation tests, depending on the value of ν. However, the

c© 2016 The Author(s)
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Figure 9: Comparison between the 5× 5× 5 PBD hexahedral mesh, fitted with the proposed method, and the reference FEM mesh for
E = 100 and ν = 0.4. The figures correspond (from left to right) to torsion, shear and axial deformation tests for small displacements. Green
mesh corresponds to PBD and white mesh to FEM.

Figure 10: Shear test for a 5× 5× 5 PBD hexahedral mesh, for
materials with ν = 0.2 (top) and ν = 0.4 (bottom). This compari-
son shows that better results are obtained with higher values of ν.
Green mesh corresponds to PBD and white mesh to FEM.

proposed procedure also shows that a systematic parameter fitting
can be performed. If a proper cost function is found, PBD-based
elastic models can be adjusted to reproduce certain scenarios. It is
noteworthy that the best results are met for high values of Poisson’s
ratio, indicating that the decision to use volume constraint has been
successful, specially for ν≥ 0.29.

We have observed in our tests that the Frobenius norm has lead
to models with lower stiffness than the reference model when the
value of ν is below 0.29, while the PBD material becomes stiffer
than the model over ν = 0.4. These results make us think that the

use of alternative fitting methods must give better results. We con-
jecture that a data driven approach, in which the parameters are
fitted using reference samples instead of stiffness matrix, must sub-
stantially improve the results of this work. We also expect that the
introduction of the number of iterations in the fitting process, which
can provide stiffer behaviours with the same coefficients, will also
help improve the results of the methodology.

In addition to the search of alternative fitting strategies, we con-
sider that applying our strategy to tetrahedral meshes or bidimen-
sional elements can also lead to interesting results. Other possi-
ble research line is the comparison to nonlinear elastic models, or
the approximation of anisotropic materials. We expect that this last
problem poses a hard optimisation problem, since will require the
fitting of all the stiffness coefficients separately.
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